









































$f_{i}=f(t_{n}+c_{i}h, y_{i})$ $(i=2,3, \cdots)$
.
1 , 5 4 Runge-Kutta [12] ,
$c_{4}$ $c_{5}(=1)$ , $O(h^{5})$ .
, $c_{4}arrow 1$ 5 , $c_{2}arrow 0$
5 ,
2, 3 [13].
, 4 $0$ Kutta 8
, 5 .
5 ,
? 6 , 4 4
, ? .
, 2 $[5],[6],[7]$ .
136
2 $Li_{l}nlniting$ formulas.
, $c_{2}arrow 0$ $c_{3}arrow 0$
$\frac{d^{2}y}{dt^{2}}|_{t=t_{\hslash}}=\frac{\partial}{\partial t}f(t_{n}, y_{n})+f(t_{n}, y_{n})\frac{\partial}{\partial y}f(t_{n}, y_{n})$
$\frac{d^{3}y}{dt^{3}}|_{t=t_{n}}=\frac{\partial^{2}}{\partial t^{2}}f(t_{n}, y_{n})+2f(t_{n}, y_{n})\frac{\partial^{2}}{\partial t\partial y}f(t_{n}, y_{n})+f^{2}(t_{n}, y_{n})\frac{\partial^{2}}{\partial y^{2}}f(t_{n}, y_{n})$
$+ \frac{d^{2}y}{dt^{2}}|_{t=t_{n}}\frac{\partial}{\partial y}f(t_{n}, y_{n})$
F $C_{s-1}arrow c_{s}=1$ $(t_{n}+c_{s}h, y_{s})$
$\frac{\partial}{\partial t}f(t_{n}+c_{s}h, y_{s})+f(t_{n}+c_{s}h, y_{s})\frac{\partial}{\partial y}f(t_{n}+c_{s}h, y_{s})$
, $\frac{\partial}{\partial y}f(t_{n}+c_{s}h, y_{s})$ $f(t_{n}+c_{s}h, y_{s})$ ,
$f1,$ $f_{2},$ $\cdots,$ $f_{s}$
$d_{s,1}f_{1}+d_{s,2}f_{2}+\cdots+d_{s,s-2}f_{s-2}+d_{s}f_{s}$








$F_{2}= \frac{\partial}{\partial t}f(t_{n}, y_{n})+f_{1}\frac{\partial}{\partial y}f(t_{n}, y_{n})$ ,
$f_{3}=f(t_{n}+ \frac{1}{2}h, y_{n}+h(\frac{1}{2}f_{1}+\frac{1}{8}hF_{2}))$,
$f_{4}=f(t_{n}+ \frac{5}{9}h, y_{n}+h(\frac{305}{729}f_{1}+\frac{125}{1458}hF_{2}+\frac{100}{729}f_{3}))$,
$f_{5}=f(t_{n}+h, y_{n}+h( \frac{359}{775}f_{1}\dotplus\frac{7}{310}hF_{2}-\frac{100}{31}f_{3}+\frac{2916}{775}f_{4}))$ ,
$y_{n+1}=y_{n}+h( \frac{233}{750}f_{1}+\frac{3}{100}hF_{2}-\frac{8}{15}f_{3}+\frac{2187}{2000}f_{4}+\frac{31}{240}f_{5})$.
6 6 [5] :
$f_{1}=f(t_{n}, y_{n})$ ,
$F_{2}= \frac{\partial}{\partial t}f(t_{n}, y_{n})+f_{1}\frac{\partial}{\partial y}f(t_{n}, y_{n})$,
$f_{3}=f(t_{n}+ \frac{3}{7}h, y_{n}+h(\frac{3}{7}f_{1}+\frac{9}{98}hF_{2}))$,
$f_{4}=f(t_{n}+ \frac{4}{7}h, y_{n}+h(-\frac{4}{189}f_{1}-\frac{40}{441}hF_{2}+\frac{16}{27}f_{3}))$ ,
$y_{6}=y_{n}+h( \frac{2327}{2376}f_{1}+\frac{25}{99}hF_{2}-\frac{490}{297}f_{3}+\frac{147}{88}f_{4})$ ,
$f_{6}=f(t_{n}+h, y_{6})$ ,





. , . ,
, ,
.
. 5 5 6




$f_{2}=f(t_{n}+\epsilon h, y_{n}+h\epsilon f_{1})$ , $F_{2}= \frac{f_{2}-f_{1}}{\epsilon}$
$f_{3}=f(t_{n}+ \frac{5-\sqrt{5}}{10}h, y_{n}+h(\frac{5-\sqrt{5}}{10}f_{1}+^{\vee}\frac{3-\sqrt{5}}{20}F_{2}))$ ,
$f_{4}=f(t_{n}+ \frac{5+\sqrt{5}}{10}h, y_{n}+h(-\frac{5+3\sqrt{5}}{10}f_{1}-\frac{3+\sqrt{5}}{20}F_{2}+\frac{5+2\sqrt{5}}{5}f_{3}))$ ,










[8]. , 7 7 5 5 6 6
. .
5 5 6 6 , $\frac{d}{}d^{2}tA_{2}|_{t=t_{n}}$ $F_{2}$
$\epsilon$ $O(\epsilon h^{2})$ .
, $f_{3},$ $f_{4},$ $\cdots$ $\hat{f}_{3},\hat{f}_{4},$ $\cdots$
$\wedge$
. $\hat{f}_{3},\hat{f}_{4},$ $\cdots,\hat{y}_{n+1}$ $h$ ,
. $\hat{y}_{n+1}$ .
$h$ . 5 5 ,
$h^{0}$ $h^{1}$
$0$ . , 6 6 $h^{0}$
$0$ . , $\hat{y}_{n+1}$ 5 5
$O(\epsilon h^{4})$ , 6 6 $O(\epsilon h^{3})$ ,
,
.
7 7 $F_{2}$ , $\frac{d}{d}s_{t}A_{3}|_{t=t_{n}}$ $F_{2}$ $\hat{F}_{3}$
5 5 , $\hat{F}_{3}$ $h^{2}$
. $\hat{y}_{n+1}$ $y_{n}$
$h^{3},$ $h^{4},$ $\cdots$ . 7 7 $h^{7}$
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$0$ . , \p $0$
$h^{3},$ $h^{4},$ $h^{5}$ $h^{6}$ $0$




3 Leading error terms of the seventh-order limiting formulas replaced derivatives with
numerical differentiations.





















$Df_{k}= \frac{\partial}{\partial t}f(t_{n}+c_{k}h, y_{k})+\tilde{f}_{k}\frac{\partial}{\partial y}f(t_{n}+c_{k}h, y_{k})$








, $l=2$ . $y_{n+1}$ $y(t_{n+1})$ Taylor $h$
, :
$h$ $b_{1}$ $+b_{2}$ $-1$ ,
1
$h^{2}$ $b_{2}c_{2}$ $+\beta_{1}$ $+\beta_{2}$
2’






$\frac{1}{6}b_{2}c_{2}^{3}$ $+ \frac{1}{2}\beta_{2}c_{2}^{2}$ $- \frac{1}{24}$ ,














, $h^{3}$ $0$ .
$\beta_{2}=0$ $c_{2}$










$Df_{2}= \frac{\partial}{\partial t}f(t_{n}+c_{2}h, y_{2})+\tilde{f}_{2}\frac{\partial}{\partial y}f(t_{n}+c_{2}h, y_{2})$ ,
$y_{n+1}=y_{n}+h(b_{1}f_{1}+b_{2}f_{2})+h^{2}(\beta_{1}Df_{1}+\beta_{2}Df_{2})$
, $h^{4}$ $0$ .
$-$ . $c_{2}$
$a_{2,1}=c_{2}$ , $\alpha_{2,1}=\frac{c_{2}^{2}}{2}$ $d_{2,2}= \frac{1}{3-4c_{2}’}$ $b_{2}= \frac{2c_{2}-1}{2c_{2}^{3}}$ $\beta_{2}=\frac{3-4c_{2}}{12c_{2}^{2}}$
$\delta_{2,1}=c_{2}(1-d_{2,2})$ , $d_{2,1}=1-d_{2,2_{J}}$ $b_{1}=1-b_{2}$ , $\beta_{1}=\frac{1}{2}-b_{2}c_{2}-\beta_{2}$
.
4.2.3 .
$Df_{2}$ $\partial\partial y$ $f_{2}$ , $f$
$Df$ $\tilde{f}_{2}$ . $f_{2}$
$d_{2,2}=1,$ $\delta_{2,1}=0$ , $c_{2}=1/2$ .
$c_{2}= \frac{1}{2’}$ $a_{2,1}= \frac{1}{2’}$ $\alpha_{2,1}=\frac{1}{8’}$ $b_{1}=1$ , $b_{2}=0$ , $\beta_{1}=\frac{1}{6}$ , $\beta_{2}=\frac{1}{3}$






. 4.2.2 4 $O(h^{5})$ ,
9 ( ):
$D^{4}f$ $\triangle_{5,1}$ $=$ $- \frac{10c_{2}^{2}-15c_{2}+6}{720}$ ,
$Df\cdot D^{2}f_{y}$ $\triangle_{5,2}$ $=$ $- \frac{10c_{2}^{2}-15c_{2}+6}{120}$ ,
$D^{2}f\cdot Df_{y}$ $\triangle_{5,3}$ $=$ $\frac{5c_{2}-4}{120}$
$D^{2}f\cdot f_{y}^{2}$ $\triangle_{5,4}$ $=$ $- \frac{1}{120}$ ,
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$(Df)^{2}\cdot f_{yy}$ $\triangle_{5,5}$ $=$ $- \frac{10c_{2}^{2}-15c_{2}+6}{240}$ ,
$Df\cdot Df_{y}\cdot f_{y}$ $\triangle_{5,6}^{(1)}$ $=$ $\frac{5c_{2}-3}{120}$
$Df\cdot f_{y}\cdot Df_{y}$ $\triangle_{5,6}^{(2)}$ $=$ $\frac{5c_{2}-4}{120}$
$D^{3}f\cdot f_{y}$ $\triangle_{5,7}$ $=$ $\frac{5c_{2}-3}{360}$
$Df\cdot f_{y}^{3}$ $\triangle_{5,8}$ $=$ $- \frac{1}{120}$ .
$D^{k}f=( \frac{\partial}{\partial t}+f\frac{\partial}{\partial y})^{k}f,$ $f_{y}= \frac{\partial}{\partial}Ly$ . 3
$O(h^{4})$
$D^{3}f$ $\triangle_{4,1}$ $=$ $\frac{4c_{2}-3}{72}$
$Df\cdot Df_{y}$ $\triangle_{4,2}$ $=$ $\frac{4c_{2}-3}{24}$
$D^{2}f\cdot f_{y}$ $\triangle_{4,3}$ $=$ $- \frac{1}{24}$ ,
$Df\cdot f_{y}^{2}$ $\triangle_{4,4}$ $=$ $- \frac{1}{24}$
, 2 $c_{2}=3/4$ $0$ . 4 $O(h^{5})$
7 $\sum\triangle_{5,j}^{2}$ , $c_{2}$
$C_{2}\approx 7309$ 3/4 , $c_{2}=3/4$ , 4 $d_{2,2},$ $\delta_{2,1}$
. , ,
$y_{n+1}$ $\beta_{2}D$ .
$\beta_{2}Df_{2}=\beta_{2}\frac{\partial}{\partial t}f(t_{n}+c_{2}h, y_{2})+(\beta_{2}d_{2,1}f_{1}+\beta_{2}d_{2,2}f_{2}+h\beta_{2}\delta_{2,1}Df_{1})\frac{\partial}{\partial y}f(t_{n}+c_{2}h, y_{2})$
$\beta_{2}d_{2,2}=\frac{1}{12c_{2}^{2}’}$ $\beta_{2}d_{2,1}=\frac{1-2c_{2}}{6c_{2}^{2}}$ $\beta_{2}\delta_{2,1}=\frac{1-2c_{2}}{6c_{2}}$
. $c_{2}=3/4$ $\beta_{2}=0$ ,
3 $b_{2}= \frac{1}{3c_{2}^{2}}=\frac{16}{27’}$ 4 $b_{2}= \frac{2c_{2}-1}{2c_{2}^{3}}=\frac{16}{27}$
, $b_{2}$ $b_{1},$ $\beta_{1}$ . 4 $y_{n+1}$ 3
$y_{n+1}$






4 , [DRK234] , Runge-Kutta ,
Fehlberg [3] Verner [14] 5 3-4
4 .
4 Comparison of the magnitude $\Sigma\triangle_{k,j}^{2}/$ (the number of terms) in fourth order for-
mulas.
[DRK234] 4 Fehlberg Verner 5
, Runge-Kutta
. 3 Fehlberg Verner Fehlberg
Verner 5 [DRK234]
. , , $f$ $y$ ( )
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$f_{y}=0$ $0$ 3 $D^{2}f\cdot f_{y}$ . $Df\cdot f_{y^{2}}$




4.1 $l=3$ . 4 $0$
$d_{2,1}.+d_{2,2}=1$ , $d_{3,1}+d_{3,2}+d_{3,3}=1$ ,
$d_{2,2}c_{2}+\delta_{2,1}=c_{2}$ , $d_{3,2}c_{2}+d_{3,3}c_{3}+\delta_{3,1}+\delta_{3,2}=c_{3}$ ,
$a_{2,1}=c_{2}$ , $a_{3,1}+a_{3,2}=c_{3}$ ,
$\alpha_{2,1}=\frac{c_{2}^{2}}{2}$ $a_{3,2}c_{2}+ \alpha_{3,1}+\alpha_{3,2}=\frac{1}{2}c_{3}^{2}$
;
$h$ $b_{1}$ $+b_{2}$ $+b_{3}$ -
$h^{2}$
$b_{2}c_{2}$ $+b_{3}c_{3}$ $+\beta_{1}$ $+\beta_{2}$ $+\beta_{3}$
$-\underline{1}$
2’
$h^{3}$ $\frac{1}{2}b_{2}c_{2}^{2}$ $+ \frac{1}{2}b_{3}c_{3}^{2}$ $+\beta_{2}c_{2}$ $+\beta_{3}c_{3}$ $- \frac{1}{6}$ ,
$h^{4}$
$\frac{1}{6}b_{2}c_{2}^{3}$ $+ \frac{1}{6}b_{3}c_{3}^{3}$ $+ \frac{1}{2}\beta_{2}c_{2}^{2}$ $+ \frac{1}{2}\beta_{3}c_{3}^{2}$ $- \frac{1}{24}$ ,
$b_{3}( \frac{1}{2}a_{3,2}c_{2}^{2}+\alpha_{3,2}c_{2})$ $+ \frac{1}{2}\beta_{2}d_{2,2}c_{2}^{2}+\beta_{3}(\frac{1}{2}(d_{3,2}c_{2}^{2}+d_{3,3}c_{3}^{2})+\delta_{3,2}c_{2})-\frac{1}{24}$ ,
$h^{5}$ $\frac{1}{24}b_{2}c_{2}^{4}+\frac{1}{24}b_{3}c_{3}^{4}$ $+ \frac{1}{6}\beta_{2}c_{2}^{3}$ $+ \frac{1}{6}\beta_{3}c_{3}^{3}$ $- \frac{1}{120}$ ,
$b_{3}( \frac{1}{6}a_{3,2}c_{2}^{3}+\frac{1}{2}\alpha_{3,2}c_{2}^{2})$ $+$ $d_{2,2^{C_{2}^{3}}}$
$+ \beta_{3}(\frac{1}{6}(d_{3,2}c_{2}^{3}+d_{3,3}c_{3}^{3})+\frac{1}{2}\delta_{3,2}c_{2}^{2})$ $- \frac{1}{120}$ ,
$b_{3}c_{3}( \frac{1}{2}a_{3,2}c_{2}^{2}+\alpha_{3,2}c_{2})arrow+\frac{1}{2}\beta_{2}d_{2,2^{C_{2}^{3}}}$
$+ \beta_{3}(\frac{1}{2}a_{3,2}c_{2}^{2}+\alpha_{3,2}c_{2}+c_{3}(\frac{1}{2}(d_{3,2}c_{2}^{2}+d_{3,3}c_{3}^{2})+\delta_{3,2}c_{2}))$ $- \frac{1}{30}$ ,
$\frac{1}{2}b_{3}\alpha_{3,2}d_{2,2}c_{2}^{2}$ $+ \beta_{3}(d_{3,3}(\frac{1}{2}a_{3,2}c_{2}^{2}+\alpha_{3,2}c_{2})+\frac{1}{2}\delta_{3,2}d_{2,2}c_{2}^{2})$ $- \frac{1}{120}$ ,
$h^{6}$ $\frac{1}{120}b_{2}c_{2}^{5}$ $+ \frac{1}{120}b_{3}c_{3}^{5}$ $+ \frac{1}{24}\beta_{2}c_{2}^{4}$ $+ \frac{1}{24}\beta_{3}c_{3}^{4}$ $- \frac{1}{720}$ ,
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$b_{3}( \frac{1}{24}a_{3,2}c_{2}^{4}+\frac{1}{6}\alpha_{3,2}c_{2}^{3})$ $+ \frac{1}{24}\beta_{2}d_{2,2^{C_{2}^{4}}}$
$+ \beta_{3}(\frac{1}{24}(d_{3,2}c_{2}^{4}+d_{3,3}c_{3}^{4})+\frac{1}{6}\delta_{3,2}c_{2}^{3})$ $- \frac{1}{720}$ ,
$\frac{1}{2}b_{3}c_{3}^{2}(\frac{1}{2}a_{3,2}c_{2}^{2}+\alpha_{3,2}c_{2})$ $+ \frac{1}{4}\beta_{2}d_{2,2^{C_{2}^{4}}}$
$+ \beta_{3}c_{3}(\frac{1}{2}a_{3,2}c_{2}^{2}+\alpha_{3,2}c_{2}+\frac{1}{2}c_{3}(\frac{1}{2}(d_{3,2}c_{2}^{2}+d_{3,3}c_{3}^{2})+\delta_{3,2}c_{2}))$ $- \frac{1}{72}$ ,
$b_{3}c_{3}( \frac{1}{6}a_{3,2}c_{2}^{3}+\frac{1}{2}\alpha_{3,2}c_{2}^{2})$ $+ \frac{1}{6}\beta_{2}d_{2,2^{C_{2}^{4}}}$
$+ \beta_{3}(\frac{1}{6}a_{3,2}c_{2}^{3}+\frac{1}{2}\alpha_{3,2}c_{2}^{2}+c_{3}(\frac{1}{6}(d_{3,2}c_{2}^{3}+d_{3,3}c_{3}^{3})+\frac{1}{2}\delta_{3,2}c_{2}^{2}))$ $- \frac{1}{144}$ ,
$\frac{1}{2}b_{3}c_{3}\alpha_{3,2}d_{2,2^{C_{2}^{2}}}$
$+ \beta_{3}(\frac{1}{2}\alpha_{3,2}d_{2,2}c_{2}^{2}+c_{3}(d_{3,3}(\frac{1}{2}a_{3,2}c_{2}^{2}+\alpha_{3,2}c_{2})+\frac{1}{2}\delta_{3,2}d_{2,2}c_{2}^{2}))$ $- \frac{1}{144}$ ,
$\frac{1}{6}b_{3}\alpha_{3,2}d_{2,2^{C_{2}^{3}}}$ $+ \beta_{3}(d_{3,3}(\frac{1}{6}a_{3,2}c_{2}^{3}+\frac{1}{2}\alpha_{3,2}c_{2}^{2})+\frac{1}{6}\delta_{3,2}d_{2,2}c_{2}^{3})$ $- \frac{1}{720}$ ,
$\frac{1}{2}b_{3}\alpha_{3,2}d_{2,2^{C_{2}^{3}}}$ $+ \beta_{3}(d_{3,3}c_{3}(\frac{1}{2}a_{3,2}c_{2}^{2}+\alpha_{3,2}c_{2})+\frac{1}{2}\delta_{3,2}d_{2,2}c_{2}^{2})$ $- \frac{1}{180}$ ,













$Df_{3}= \frac{\partial}{\partial t}f(t_{n}+c_{3}h, y_{3})+f_{3}^{\sim}\frac{\partial}{\partial y}f(t_{n}+c_{3}h, y_{3})$ .
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4.3.1 $s_{f}=3,$ $s_{d}=2$
$Sf=3,$ $s_{d}=2$ , $f_{1},$ $Df_{1},$ $f_{2},$ $Df_{2},$ $f_{3}$
$y_{n+1}=y_{n}+h(b_{1}f_{1}+b_{2}f_{2}+b_{3}f_{3})+h^{2}(\beta_{1}Df_{1}+\beta_{2}Df_{2})$
, $h^{5}$ $0$ , $\beta_{3}=0$
$c_{2}$ :
$C_{3}=1$ , $a_{2,1}=c_{2}$ , $\alpha_{2,1}=\frac{c_{2}^{2}}{2}$ $d_{2,2}= \frac{1}{3-5c_{2}’}$ $\alpha_{3,2}=\frac{(1-c_{2})^{2}(3-5c_{2})}{2c_{2}^{2}(10c_{2}^{2}-15c_{2}+6)}$
$b_{2}= \frac{-10c_{2}^{2}+12c_{2}-3}{30c_{2}^{3}(1-c_{2})^{2}}$ $b_{3}= \frac{10c_{2}^{2}-\cdot 15c_{2}+6}{30(1-c_{2})^{2}}$ , $\beta_{2}=\frac{3-5c_{2}}{60c_{2}^{2}(1-c_{2})}$
$a_{3,2}= \frac{2}{c_{2}^{2}}(\frac{(1-c_{2})(4-5c_{2})}{4(10c_{2}^{2}-15c_{2}+6)}$ $a_{3,2}$ , $\alpha_{3,1}=\frac{1}{2}-a_{3,2}c_{2}-\alpha_{3,2}$ ,
$\delta_{2,1}=c_{2}(1-d_{2,2})$ , $d_{2,I}=1-d_{2,2}$ , $b_{1}=1-b_{2}-b_{3}$ , $\beta_{1}=\frac{1}{2}-b_{2}c_{2}-b_{3}-\beta_{2}$ .
4.3.2 $s_{f}=3,$ $s_{d}=3$
$s_{f}=3,$ $s_{d}=3$ , $f_{1},$ $Df_{1}$ ) $f_{2},$ $Df_{2},$ $f_{3},$ $Df_{3}$
$y_{n+1}=y_{n}+h(b_{1}f_{1}+b_{2}f_{2}+b_{3}f_{3})+h^{2}(\beta_{1}Df_{1}+\beta_{2}Df_{2}+\beta_{3}Df_{3})$
, $h^{6}$ $0$ ,
$c_{2}$ . :
$c_{3}=1$ , $a_{2,1}=c_{2}$ , $\cdot$ $\alpha_{2,1}=\frac{c_{2}^{2}}{2}$ ,
$d_{3,3}=-1$ , $d_{2,2}= \frac{1}{3(1-2c_{2})}$ $\alpha_{3,2}=\frac{(1-2c_{2})(1-c_{2})^{2}}{2c_{2}^{2}(5c_{2}^{2}-6c_{2}+2)}$
$b_{2}= \frac{-5c_{2}^{2}+5c_{2}-1}{30c_{2}^{3}(1-c_{2})^{3}}$ $b_{3}= \frac{-15c_{2}^{3}+41c_{2}^{2}-35c_{2}+10}{30(1-c_{2})^{3}}$
$\beta_{2}=\frac{1-2c_{2}}{60c_{2}^{2}(1-c_{2})^{2}}$ $\beta_{3}=\frac{-5c_{2}^{2}+6c_{2}-2}{60(1-c_{2})^{2}}$
$a_{3,2}= \frac{2}{c_{2}^{2}}(\frac{(2-3c_{2})(1-c_{2})}{6(5c_{2}^{2}-6c_{2}+2)}-\alpha_{3,2}c_{2})$ , $\delta_{3,2}=.\frac{1}{\beta_{3}}(\frac{1-2c_{2}}{60c_{2}^{2}(1-c_{2})}-b_{3}\alpha_{3,2})$ ,
$d_{3,2}= \frac{1}{\beta_{3}}(\frac{-8c_{2}^{2}+9c_{2}-2}{60c_{2}^{3}(1-c_{2})^{2}}-b_{3}a_{3,2}-\beta_{2}d_{2,2})$ ,
$\alpha_{3,1}=\frac{1}{2}-a_{3,2}c_{2}-\alpha_{3,2}$ , $a_{3,1}=1-a_{3,2}$ , $\delta_{3,1}=2-d_{3,2}c_{2}-\delta_{3,2}$ , $d_{3,1}=2-d_{3,2}$ ,
$\delta_{2,1}=c_{2}(1-d_{2,2})$ , $d_{2,1}=1-d_{2,2}$ ,




$\tilde{f}_{2}$ . 4 $Df_{2}$
$y$ , $d_{2,2}$
. ,
4 $d_{2,2}= \frac{1}{3-4c_{2}’}$ 5 $d_{2,2}= \frac{1}{3-5c_{2}’}$ 6 $d_{2,2}= \frac{1}{3-6c_{2}}$
, $c_{2}\neq 0$ . , 4.2.3
[DRK234] .
.
5 ( $c_{2}=1/2$ ) :
$f_{1}=f(t_{n}, y_{n})$ ,
$Df_{1}= \frac{\partial}{\partial t}f(t_{n}, y_{n})+f_{1}\frac{\partial}{\partial y}f(t_{n}, y_{n})$ ,
$y_{2}=y_{n}+ \frac{1}{2}hf_{1}+\frac{1}{8}h^{2}Df_{1,-}$,
$f_{2}=f(t_{n}+ \frac{1}{2}h, y_{2})$ ,
$\tilde{f}_{2}=-f_{1}+2f_{2}-\frac{1}{2}hDf_{1}$ ,




6 ( $c_{2}=3/7$ ) :
$f_{1}=f(t_{n}, y_{n})$ ,
$Df_{1}= \frac{\partial}{\partial t}f(t_{n}, y_{n})+f_{1}\frac{\partial}{\partial y}f(t_{n}, y_{n})$ ,
$y_{2}=y_{n}+ \frac{3}{7}hf_{1}+\frac{9}{98}h^{2}Df_{1}$ ,
$f_{2}=f(t_{n}+ \frac{3}{7}h, y_{2})$ ,
$\tilde{f}_{2}=-\frac{4}{3}f_{1}+\frac{7}{3}f_{2}-\frac{4}{7}hDf_{1}$ ,
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7803 7803 2601 2601
$Df_{3}= \frac{\partial}{\partial t}f(t_{n}+h, y_{3})+\tilde{f}_{3}\frac{\partial}{\partial y}f(t_{n}+h, y_{3})$ ,
101 26411 463 2 1 343 17
$y_{n+1}=y_{n}+h(f_{1}+f_{2}+f_{3})+h\overline{405}\overline{51840}\overline{1920}(_{\overline{54}^{Df_{1}+}\overline{8640}^{Df_{2}-}\overline{960}^{Df_{3}}})$ .
5
$Df_{1},$ $Df_{2}$ , [1], Ra11[10]
. $m$ , $f^{(1)}$ ,
$f^{(2)},$
$\cdots,$





$v(1),$ $v(2),$ $\cdots,$ $v(l)$ ,
. $t,$ $y^{(1)},$ $y^{(2)},$ $\cdots,$ $y^{(m)},$ $v(1),$ $v(2),$ $\cdots$ ,
$v(l),$ $f^{(1)},$ $f^{(2)},$ $\cdots,$ $f^{(m)}$ , $t$ $D(t),$ $D(y^{(1)}),$ $\cdots$ ,
$D(y^{(m)}),$ $D(1),$ $D(2),$ $\cdots,$ $D(l),$ $D(f^{(1)}),$ $D(f^{(2)}),$ $\cdots,$ $D(f^{(m)})$ .
Jacobi $(1,f^{(1)},\cdots,f^{(m)})^{t}$
$\frac{df^{(1)}}{dt}|_{t=t_{n}}=\frac{d^{2}y^{(1)}}{dt^{2}}|_{t=t_{\hslash}}$ , $\frac{df^{(2)}}{dt}|_{t=t_{n}}=\frac{d^{2}y^{(2)}}{dt^{2}}|_{t=t_{n}}$ , $\cdots$ $\frac{df^{(m)}}{dt}|_{t=t_{n}}=\frac{d^{2}y^{(m)}}{dt^{2}}|_{t=t_{\hslash}}$
. , [2]. , , $t,$ $y^{(1)}$ ,
$y^{(2)},$
$\cdots,$
$y!^{m)}$ $t_{n},$ $y_{n}^{(1)},$ $y_{n}^{(2)},$
$\cdots,$
$y_{n}^{(m)}$ , $v(1),$ $v(2),$ $\cdots,$ $v(l)$
$f^{(1)},$ $f^{(2)},$
$\cdots,$
$f^{(m)}$ . $f^{(1)},$ $f^{(2)},$ $\cdots,$ $f^{(m)}$ $\frac{dv^{(1)}}{dt}|_{t=t_{n}}$ ,
$\frac{dy^{(2)}}{dt}|_{t=t_{n}},$
$\cdots,$
$\frac{dy^{(m)}}{dt}|_{t=t_{n}}$ . , $D(t),$ $D(y^{(1)})$ ,
$D(y^{2}),$
$\cdots,$
$D(y^{(m)})$ 1, $f^{(1)},$ $f^{(2)},$ $\cdots,$ $f^{(m)}$ , $D(1)$ $v(1)$
( ) (2 ) $D()$
( ) (2 ) . $D(2),$ $\cdots$ ,
$D(l),$ $D(f^{(1)}),$ $D(f^{(2)}),$ $\cdots,$ $D(f^{(m)})$ ^ . $D(f^{(1)}),$ $D(f^{(2)}),$ $\cdots$ ,
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$D(f^{(m)})$ $Df_{1}^{(1)}$ $\frac{d^{2}y^{(1)}}{dt^{2}}|_{t=t_{\hslash}},$ $Df_{1}^{(2)}$ $\frac{d^{2}y^{(2)}}{dt^{2}}|_{t=t_{n}},$ $\cdots,$ $Df_{1}^{(m)}$ $\frac{d^{2}y^{(m)}}{dt^{2}}|_{t=t_{n}}$
. $D()$ 5 .
, 1 , 2 .
$\frac{dx}{dt}=.01-(.01+x+y)[1+(x+1000)(x+1)]$ ,
$\frac{dy}{dt}=.01-(.01+x+y)(1+y^{2})$ ,
$x(O)=y(O)=0$ , $0\leq x\leq 100$ .
$O_{l}$
1 Computational graph for the example.
$v_{1}$ $:=x+1$ $D(1);=D(x)$
$v_{2}$ $:=x+1000$ $D(2);=D(x)$
$v_{3}$ $:=v_{1}*v_{2}$ $D(3)$ $:=v_{2}*D(1)+v_{1}*D(2)$
$v_{4}$ $;=v_{3}+1$ $D(4);=D(3)$
$v_{5}$ $;=x+y$ $D(5)$ $;=D(x)+D(y)$
$v_{6}$ $:=v_{5}+\cdot 01$ $D(6);=D(5)$
$v_{7}$ $:=v_{4}*v_{6}$ $D(7)$ $:=v_{6}*D(4)+v_{4}*D(6)$
$f$ $;=$ $01-v_{7}$ $D(f)$ $:=-D(7)$
$v_{8}$ $;=y*y$ $D(8)$ $:=2*y*D(y)$
$v_{9}$ $:=v_{8}+1$ $D(9)$ $:=D(8)$
$v_{10}$ $:=v_{6}*v_{9}$ $D(10):=v_{9}*D(6)+v_{6}*D(9)$
$g:=$ $01-v_{10}$ $D(g):=-D(10)$














, [DRK234] . 1 , $t,$ $x$ ,
$y$ $t_{n},$ $x_{n},$ $y_{n}$ , $v(1),$ $v(2),$ $\cdots,$ $g$ . $D(t)$ ,
$D(x),$ $D(y)$ , 1, $f,$ $g$ $D(1),$ $D(2),$ $\cdots,$ $D(g)$ . $D(f)$
$Df_{1},$ $D(g)$ $Dg_{1}$ . 2 $t_{n}+c_{2}$
, $D(t)$ $0$ , $D(x)$ $\frac{4}{27}(f_{2}-fi)-\frac{1}{9}hDf_{1}$ , $D(y)$ $\frac{4}{27}(g_{2}-g_{1})-\frac{1}{9}hDg_{1}$
1 . $D(f),$ $D(g)$ $E_{3}^{(x)},$ $E_{3}^{(y)}$ .
6
,
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